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Algoritmos: Operadores morfolégicos

Teoria Basica de

Conjuntos

p

%

AUB
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ANB
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able
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FIGURE 9.1

(a) Two sets A
and B. (b) The
union of A and B.
(¢) The
intersection of A
and B. (d) The
complement of A.
(e) The difference
between A and B.
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Algoritmos: Operadores morfolégicos

Reflexao e B={w|we-b, parabeB}
Translacao (A), ={c|cea+z, paraac A}

Zn ab

i FIGURE 9.2
, i (a) Translation of
LWl
Abyz

; (b) Reflection of

B B.The sets A and
B are from

(4), Fig. 9.1.
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Algoritrnos: Operadores morfolégicos

Operacodes Logicas
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Algoritrnos: Operadores morfolégicos

Operacodes Logicas:

* Nao
e E

* Ou
« XOUu
e Xe

) XOR (

XOR

ry

[NOT (A)] AND (B)

NOT-

AND | i

_____________

FIGURE 9.3 Some
logic operations
between binary
images. Black
represents binary
Is and white
binary 0s in this
example.
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Algoritrnos: Operadores morfolégicos

Dilatacao

A®B=1{z|(B)nA= & |

origem ¥ _51_

e il

-
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Algoritrmos: Operadores morfolégicos

Dilatacao

Historicaliy, certain computer
programs were written using
anly two digits rather than
four to define the applicable
yvear. Accordingly, the
company's software may
recognize a dats using "00"
as 1900 rather than the vEar
2000,

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
yaar. Accordingly, the
company's software may
recognite a date using 00"
as 1900 rather than the ?r

|

2000,

d C

b

FIGURE 9.5

(a) Sample text of
poor resolution
with broken
characters
(magnified view).
(b) Structuring
element.

(¢i Dilation of (a)
by (b). Broken
segments were
joined.
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Algoritrmos: Operadores morfolégicos

« Enquadramento

= A nocao de objeto implica conectividade de pixels

fundo de A objetoA - O objeto A tem conectividade 4

. ff"’ - O fundo tem conectividade 12-4(=8)
™

« Definicoes
= As operacOes fundamentais sobre objetos sao:
» Translacao: A+ x={a+x|aeA}
» Adicdo/subtracdo: A ® B = U, _g(A+b) ; A © B = n,_g(A+b)
» Complemento (fundo)
» Simetria: -A={-alae A}
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Algoritrmos: Operadores morfolégicos

ErosaoAeB={z|(B), c A} Resultado da

origem Erosao: apenas 0s
. guadrados
* destacado
HEEEEEEEEN

HEEEEEREEEN HEEEENVEREN
HEREEEREREEN CJTTHTINTLT
HEEEEEE EBEN HERERERVUEREN
Al LI EEEEEE EEE
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Algoritrmos: Operadores morfolégicos

Erosdo: AGB={z|(B), c A ,
Tamanho dos an |
. |d/4 | .
objetos sao PR i
reduzidos % | e m—EL
. 3 3d /4 i
*Objetos menores ,
do que o el. est. sé@o =i {'""""""""""
eliminados e § |
NUumero de | \ a2
! AS B !
componentes pode - Ell"SI """ 5&};"""':;;—
aumentar abe
.
FIGURE 9.6 (a) Set A. (b) Square structuring element. (¢) Erosion of A by B, shown
shaded. (d) Elongated structuring element. (e) Erosion of A using this element.
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Algoritrmos: Operadores morfolégicos

« Dilatacao e Erosao
= A dilatacao D(A,B) corresponde a adicao A © B
= A erosao E(A,B) corresponde a subtracao A & (-B)

= Exemplos

. D(A,B) E(A,B)

= Tipicamente A € uma imagem e B é um “estruturante”
(equivale ao nucleo de convolucao dos filtros lineares)

= Exemplos de estruturantes comuns

__________________________________
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Algoritmos: Operadores morfolégicos

* Dilatacao e Eroséao

= Teorema da Decomposicao

» Para um estruturante B finito, simeétrico, sem buracos e
contendo o seu centro ([0,0] € B), verifica-se que
D(A,B) =A U (0A © B) [nota: A é o contorno de A]

» Resulta que apenas basta processar 0s pixels do contorno de
A, ndo sendo necessario processar 0s pixels do seu interior

» Algoritmo “rapido” de dilatacdo: para cada pixel do objeto,
todos os seus pixels vizinhos (viz;) de fundo passam a
pertencer ao objeto

» Algoritmo “rapido” de erosao: cada pixel do objeto que
possua um pixel vizinho (viz.) de fundo passa a fundo
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Algoritmos: Operadores morfolégicos

Dilatacao e Erosao

= Exemplos “rapidos”

HEEER ENEEEEN
mol _ N I _ N
mmmaw Dilatacdo com N ammm mm Dilatacdo com
"= Eul m"  estrututante N, Em EmmE mE estrututante Ng
T T[T T T[T 1]
EEEEN ]

= Importante: D(E(A,B),B) # A = E(D(A,B),B)
Abertura e Fechamento
= Abertura: O(A,B) = D(E(A,B),B)
» Tende a suavizar o contorno pelo interior
= Fechamento: C(A,B) = E(D(A,-B),-B)

» Tende a suavizar o contorno pelo exterior
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Algoritmos: Operadores morfolégicos

Erosao AcB={z|(B),c A}

B=|1

1110111110

111 0111110
1111111111

1111111111

1111111111

A —

o 0 0O 0O 0O OO 0 0O

01 0 0 01 1 1 0O

c 1 1 1 1 1 1 1 1 0
O 0O 0O 0O 0O OO 0 0O

AcB=|{0 1 0 0 0 1 1 1 O O
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Algoritrmos: Operadores morfolégicos

Dualidade entre operadores (A©B) = A°®B

- Comecando com a definicio de erosao:
(AB)" ={z|(B), c Af ={z|(B), nA° =0 |
—{z|(B), "A° =2 |

- Sabendo a definicao de dilatacao

A®B=1{z|(B), A2 |
(A°@B)={z|(B), N A® %0 |

- Podemos chegar a:

(AeB) =A° @B
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Algoritrnos: Operadores morfolégicos

oertura

A A~ B =U{(B);|/(B);C A}
Translatesof Bin A

abcd

FIGURE 9.8 (a) Structuring element B “rolling™ along the inner boundary of A (the dot
indicates the origin of B). (¢) The heavy line is the outer boundary of the opening.
(d) Complete opening (shaded).

AoB=(AOB)® B
4oB=U{(B).|(B). c 4)
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Algoritrmos: Operadores morfolégicos

Fechamento

O ,M\ y

A

a ke

FIGURE 9.9 (a) Structuring element B “rolling”™ on the outer boundary of set A. (b) Heavy
line 15 the outer boundary of the closing. (¢) Complete closing (shaded).

AeB=(A® B)O5
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Algoritrnos: Operadores morfolégicos

Abertura: eliminacao de detalhes irrelevantes

abie

FIGURE 9.7 (a) Image of squares of size 1.3,5, 7.9, and 15 pixels on the side. (b) Erosion of (a) with a square
structuring element of 17s, 13 pixels on the side. (¢) Dilation of (b) with the same structuring element.

Erosao seguida de dilatacao usando elemento estruturante
B = 13 x 13 pixels de nivel de cinza 1
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Algoritmos: Operadores morfolégicos

Propriedades e caracteristicas
C oy
Dualidade entre operadores (A@B) =A"®B

|. Abertura

— (1)) A°B é um subconjunto (subimagem) de A

— (ii) Se C € um subconjunto de D, entdo C ° B é um subconjunto de D°B
—(iii)(A°B)°B=A°B

— Partes pequenas do objeto sao eliminadas.

— Objetos menores do que o elemento estruturante sao eliminados.

— Separa objetos conectados por ligacdes finas.

2. Fechamento

— (i) A é um subconjunto (subimagem) de A-B

— (ii) Se C é um subconjunto de D, entdo C-B é um subconjunto de D-B
— (i) (A-B) -B=A-B

— Preenche pequenos espacos entre objetos.

— Preenche pequenos buracos.

— Preenche reentrancias estreitas.

Processamento de Imagens Médicas
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Morfologia

By
ab
di™

& |f
FIGURE 9.11
(a) Noisy image.
(c) Eroded image.
(d) Opening of A.
(d) Dilation of the
opening.
(e) Closing of the
opening. (Original
image for this
example courtesy
of the National
[nstitute of
Standards and
Technology.)
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Algoritrnos: Operadores morfolégicos

e HitANndMIiss

= Operador de alto nivel
HitMiss(A,B) = E(A,B;) n E¢(A%,B,)

= B, e B, sao estruturantes finitos e disjuntos entre si

= Este operador € o equivalente morfologico do template
matching (técnica usada para comparar padrées com
base na sua correlacao)

» B, funciona como template para o objeto

» B, funciona como template para o fundo
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Algoritmos: Operadores morfolégicos

HitAndMiss

ARB=(A0B)N[A°OB,]

B ﬂ
B,
s

A0 B, A° © B,
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Algoritros: Operadores morfolégicos

HitAndMiss (A®B)=(AOB,) " (A°‘OB,)
A =imagem

B1,B2 sdo elementos

estruturantes DE

By and Bz

Original Image A (A= B

|:.':|.I .I”‘.}:' |:_.:|_ - _IH‘:I e I:_:l .II"EI:I {_..r 1 }_-';";. :I
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Algoritrnos: Operadores morfolégicos

HitAndMiss (A®B)=(ASB,)N(A°SB,)

Utilizado para buscar
objetos na imagem

(A®B) = (AOX)N|A° oW — X))

Dependente do elemento
estruturante

A=XUYUZ w ,—(W—X]

ab
c d

¢

¢
FIGURE 9.12
(a) Set A.(b) A
window, W, and
the local
background of X

with respect to W,

(W — X).

(c) Camplement
of A_(d) Frosion
of A by X.

(e) Erosion of A°
by (W — X).

() Intersection of

(d) and (e).
showing the
location of the
origin of X, as
desired.

__________

(ASX)N(AS[W - X])
.A/
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Algoritrnos: Operadores morfolégicos

HitAndMiss (A®B)=(AOB,)N(A°OB,) Dil

Structuring elements By
H = and Bz, (Mot to scale)
n . m "
| (]
N [ |
original Image A n

n = (A Bl

8B =C, N Efl-z-lt-:-ctc-cl objects shown in
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Algoritrnos: Operadores morfolégicos
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Algoritrnos: Operadores morfoldgicos

Extracao de componentes conectados

Desenvolva um algoritmo para encontrar componentes

conectados.

1. Seja B um elemento estruturante do tipo N4, Nd ou N8, dependendo da
conectividade desejada.

2. Selecione um pixel p dentro do componente conectado a ser encontrado.
Inicialize X, como uma matriz de pixels ‘0’ exceto X,[p]= 1.

4. Faca a iteracéo:

Xe =X, ®B)nA parak=1273,... ate X, =X,

Processamento de Imagens Médicas
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Algoritros: Operadores morfolégicos

Extracao de componentes conectados

* Procura pelo elemento conectado comecando pelo pixel
vermelho

Processamento de Imagens Médicas
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Algoritros: Operadores morfolégicos

Preenchendo Buracos

Desenvolva um algoritmo para preencher buracos (regidoes
fechadas).

1. Seja B um elemento estruturante do tipo N4, Nd ou N8,
dependendo da conectividade desejada.

2. Selecione um pixel p dentro do buraco a ser preenchido.
3. Inicialize X0 como uma matriz de pixels ‘0’ exceto XO[p] = 1.

4. Faca a iteracao:
X, =(X,,DB)YNA® parak =12,3... até X, =X,

Processamento de Imagens Médicas

31



Algoritrnos: Operadores morfolégicos

Preenchendo Buracos

X, =(X,,®B)"A° k=123.. até X, =X,

et

i
[

= [ees
c =i

IGURE 9.15
egion filling.
(a) Set A.

{b) Complement
of A.

(c) Structuring
element B.

(d) Initial point
inside the
boundary.
{e)—(h) Various
steps of

Eq. (9.5-2).

(i) Firal result
[union of (a) and
(h)].

=

=]

Origin
A A
Xy X X;
X X, X;UA
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Algoritrmos: Operadores morfolégicos

Preenchendo Buracos

ab ¢

FIGURE 9.16 (a) Binary image (the white dot inside one of the regions is the starting
point for the region-filling algorithm). (b) Result of filling that region (¢) Result of fill-
ing all regions.

Processamento de Imagens Médicas 33



Algoritrnos: Operadores morfolégicos

Feicho Convexo (convex hull)

« Um conjunto A é dito convexo se dois elementos
guaisquer podem se unir por um caminho reto que nao
passa fora do conjunto.

O ‘convex hull’Hde um conjunto S € 0 menor conjunto
convexo tal que S H.

O conjunto diferencaH -S =H N S¢ € a deficiéncia
convexade S.

Processamento de Imagens Médicas
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Algoritros: Operadores morfolégicos

Fecho convexo X =(X;®B')UA, i=1234ek=123..

i | E
[ ! .
: : s

(Convex Hull) EIH X2
i | k

B
Xfﬂﬂﬂﬂ
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Algoritrnos: Operadores morfoldgicos

Afinamento (Thining)

Afinamento remove pixels de um conjunto até ficar
apenas um estreito conjunto.

E usado para revelar estruturas em aplicacdes de
reconhecimento de padrdes.

Afinamento usa uma seqiéncia de elementos

estruturantes. B _{B B B }
— 1, 2,---, n
Operacéao basica

1. FacaX,=AeY =X,=[0]\m
2. Repitaenquanto X, # Y
Y =X,
Xo =X,
X. =X, ,Nn(X,_,®B)° parai=123,...,n

Processamento de Imagens Médicas
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Algoritrnos: Operadores morfoldgicos

Afinamento (Thining)
A®B=A—(A®B)
= AN (A®B)°

Se s

k

=]

— )
—. 00 Q.

— Origin
I X X X X * X
ML X X
X X X X % X
B' B B’ B B B B B®
T_Origin
L]
A A® B A® B
A® B} A® B} A® B
A® B® A® B8 A® B'>?

A® BH5678123

FIGURE 9.21 (a) Sequence of rotated structuring elements used for thinning. (b) Set A.
(c) Result of thinning with the first element. (d)-(i) Results of thinning with the next
seven elements (there was no change between the seventh and eighth elements). (j) Re-
sult of using the first element again (there were no changes for the next two elements).
(k) Result after convergence. (1) Conversion to m-connectivity.
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Algoritrnos: Operadores morfolégicos

Afinamento (Thining)

Exemplo: Emagreca as bolhas

A estrutura basica é capturada pelos objetos emagrecidos
(vermelho). As pequenas terminag0es poderiam ser removidas
por um processamento adicional para melhorar a definicéo.
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Algoritmos
Operadores morfolégicos

Espercamento (Thickening)
« Espercamento é o dual morfologico de Afinamento e é definido

por AeB = AU (A®B)

« O algoritmo pode ser programado diretamente da definic&o.
Entretanto, descobriu-se que é mais efetivo fazer o thickening
através do thinning de Ac.

1. FacaC=A°
2. Faca D ser afinado

3. T =D¢é o objeto espercado.
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Algoritrmos: Operadores morfolégicos

Espercamento  peB = AU (A®B)

ab
¢ d

e
FIGURE 9.22 (a) Set A. (b) Complement of A. (¢) Result of thinning the complement of
A. (d) Thickened set obtained by complementing (c¢). (e) Final result, with no discon-
nected points.
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Algoritmos
Baseados em morfologia

Esqueleto

= Quando realizavel, € uma polilinha que:
» Tem largura de 1 pixel
» Passa pelo “meio” do objeto

» Preserva a topologia do objeto

= Pode ser obtido por um processo iterativo baseado no B,
nao se alterando o pixel central para “fundo” se

» 1) o pixel estiver isolado

A 4

» 2) a remocao do pixel alterar a conectividade

A 4

» 3) a remocao do pixel encurtar a linha

A\ 4
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Esqueletos

Pontos centrais de bolas
maximas (geradas a partir do
elemento estruturante B)

contidas no objeto da imagem

de entrada.

Algoritrmos
Operadores morfologicos

S(A) = U S, (A)
S, (A) = (A—kB)— (A—kB)o B

K = max{k | (aA—kB) = @}

ab

el

FIGURE 9.23

(a) Set A.

(b) Various
positions of
maximum disks
with centers on
the skeleton of A.
(¢) Another
maximum disk on
a different
segment af the
skeleton of A.

(d) Complete
skeleton.

K
A= (S (A @, kB)
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Algoritrnos: Operadores morfolégicos

K K
) ASKkB |(ASKB)-B| S5(A) USk(A) | S(A)BkB | US(A)DKB
k=0 k=0
O O O O O O
0
O O O O O O
1
5(4) A
U U [l ] U ]
2
B
FIGURE 9.24 [mplementation of Eqgs. (9.5-11) through (9.5-15). The original set is at the top left,
and its morphological skeleton is at the bottom of the fourth column. The reconstructed set is at
the bottom of the sixth column.
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Algoritmos: Operadores morfolégicos

Poda H = elemento estruturante 3x3 de 1’s
X, =A®{B}
ab K
05 X, =U(X, ®B")
-~ B', B*, B, B* (rotated 90°)
FIGURE 9.25

(a) Original
image. (1) and

(¢) Structuring
elements used for
deleting end
points. (d) Result
of three cycles of
thinning. (e) End
points of (d).

() Dilation of end
points
conditioned on
(a).(g) Pruned
image.

X,=(X,®H)A

B°. B B, B® (rotated 90°) Xy =KX,
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Algoritros: Baseados em morfologia

 Exemplos

= Estruturantes

-
P

Imagem A Dilatacao com 2B Erosao com 2B
Abertura com 2B Fechamento com 2B HitAndMiss com B, e B,
(separa objetos) (preenche buracos) [ < 0A=A-E(ANy)]
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TABLE 9.2
Summary of
marphological
operations and

their properties.

Comments
(The Reman numerals refer to the
structuring elements shown in

Operation Equation Fig. 9.26).

Translation (A), ={w|w=a +z, forac A} 'Translates the origin
of A to point z.

Reflection B = {w|w = -b, forbe B} Reflects all elements
of B about the origin
of this set.

Complement  A° = {w|wg A} Set of points not in A.

Difference A - B ={w|we A w¢ B} Set of points that belong

=ANB* to A but not to B.

Dilation A®B ={z|(B).N A # @&} “Expands” the boundary
of A.(I)

Erosion ASB ={z|(B), C A} “Contracts” the boundary
of A.(I)

Opening A°B=(ASB)®B Smoothes contours.
breaks narrow isthmuses.
and eliminates small
islands and sharp
peaks. (1)

Closing A*B=(ADB)SB Smoothes contours, fuses

narrow breaks and long
thin gulfs. and eliminates
small holes. (1)
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Hit-ormiss A®B = (A€ B,)N(ASB,) The set of points
transform A (coordinates) al which,
=(ASB) - (A®B,) simultaneously, B, found

a match ("hit”™)in A and
B, found a match in A

Boundary B(A) = A—- (ASB) Set of points on the
extraction boundary of
set A. (I)
Region filling X, = (X,  @®B) N A% X, = pand Fills a region in A, given a
k=123 point p in the region. (1)
Connected Xy = (X, ®B)N A: X, = pand Finds a connected
components k = 1,2,3,... component Yin A, given

apointpin Y. (1)

Convex hull X} = (X, ® B)U A:i = 1.2,3.4;  Finds the convex hull C(A)
k=1273,....Xy= A:and of set A, where “conv”
D= X . indicates convergence

in the sense that
X = Xy (IIT)
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Comments
(The Roman numerals refer to the

strictiring elements shown in

Operation Equation Fig. 9.26).
Thinning A®B=A- (A®B) Thins set A. The first two
= AN (A® B)* equations give the basic
definition of thinning.
A® {B} = The last two equations
((...(A® 3') ® 32) )5¢ B") denote thinning by a
{B} i {BI. BZ. BR. ' Bn} sequence Ot .?ll'UCtU]'lﬂg
elements. This method
1s normally used in
practice. (IV)
Thickening AOB=AU(A®B) Thickens set A. (See

AG{B} =

(...(A©B)©OB...)©B")

preceding comments on
sequences of structuring
elements.) Uses [V with
O's and 1's reversed.

TABLE 9.2
Summary of
morphological

results and their

properties.
(continued)
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Skeletons S(A) = JS(A) Finds the skeleton S(A) of
k=0

set A. The last equation |

- indicates that A can be
S ; — e < h (e ; C :
«(4) AU[){(A 2 reconstructed from its
~ [(A©kB) - B]} skeleton subsets Sy(A).

[n all three equations, K is
x the value of the iterative
A= |J(S(A) @ kB) step after which the set A
k=0 erodes to the empty set.
The notation (A © kB)
denotes the kth iteration
of successive erosion of

Reconstruction of A:

A by B.(I)
Pruning X, = A®{B} X, is the result of pruning
B _ set A. The number of
XS H(X' B) times that the first
X.=(X,®H)N A equation is applied to

obtain X, must be
specified. Structuring
elements V are used for
the first two equations.
[n the third equation H
denotes structuring
element L.

X4:X1\_JX3
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